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Abstract: Mathematical model on a single line was presented based on four equations; operation cost, passenger cost, total
cost and Bus Rapid Transit (BRT) service frequency. The analysis of the model shows that the increase of BRT services
frequency tends to increase total passenger demand which lead to decrease operational cost and passenger cost in terms of
waiting time. In numerical simulation, it is observed that the increase of passenger demand (p), tends to increase the frequency
of BRT. But absence of Passenger demand (p) reduce the BRT frequency which leads to increase operational cost; for example,
paying salary for BRT staff, bus services and other cost like office expenses. Furthermore, passenger demand depends on other
parameters like the decrease of value of initial bus cost B, waiting time W, average getting on and ending time per passenger
G,., proportion between average waiting period and the service a;, hurrying and slowing down at stops and at the junction plus
passenger getting on and descending from the bus h,, increase the value of in-bus time serving By, and proportion of average
trip length to the total rout length a,. The specific cases of BRT operation and passenger behaviour can be analysed for their
effect on the value of a;. On the other hand, if movements are large and a timetable of bus plan is published, then passengers
change their behaviour and arrive at bus stops a few minutes before the planned bus arrival. This indicates that there is much
work to be done for BRT management. BRT management requires organisational efforts, deliberate planning, fund from the
public, and coordination between of passengers and staff members.
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large cities as in [2]. In this paper, Bus Rapid Transit is
defined as the high-quality bus-based transit system that
delivers fast, comfortable, and cost-effective services at
metro-level capacities. There are reduced passenger delays
due to purchasing fares and boarding processes and faster

1. Introduction

African cities are the fastest-growing in the world, with the
region’s urban population increasing each year. The
accelerated growth of the urban population and the expansion

of cities, the increase of economic exchanges as well as
environmental concerns have made road traffic [1].
Urbanization can often boost economic growth and open new
opportunities; this steady movement of people is also putting
great pressure on cities and their transport systems. In the
face of these challenges, a growing number of African cities
are turning to an innovative form of urban transport known as
Bus Rapid Transit (BRT), Bus Rapid Transit (BRT) system
can be a solution for high traffic volumes and congestion in

that reduce traffic congestion caused due to the mixing of
buses with other vehicles. The system has brought efficiency
and cost-effectiveness to the simplicity of a bus system [3-6].
Most BRT buses operate on dedicated lanes, allowing them
to zoom past traffic and offer fast, predictable journey times.
Buses only stop at designated stations where passengers
typically prepay the fare before boarding, which helps
streamline and speed up operations [6]. Services run
frequently and are operated by large vehicles and can carry
large amounts of people quickly and efficiently.
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In African cities, bus rapid transit is a relatively new
phenomenon. The first system was opened in 2008 in Lagos,
Nigeria and since then, many more BRT systems have been
undertaken and are in different stages of development [7-9].
Currently BRT systems are in operation in the following
African cities: Lagos (Nigeria) which was opened in March
2008, Johannesburg (South Africa) which was opened in
August 2009, Cape Town (South Africa) which was opened
in May 2011, Pretoria (South Africa) which was opened in
December 2014, George (South Africa) which was opened in
August 2015 and Dar es Salaam (Tanzania) which was
opened in May 2016 [10] as shown in figure 1.
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Figure 1. BRT in Dar es Salaam (Tanzania).

Thereafter, followed by Marrakech (Morocco), which was
opened in November 2016, Accra (Ghana), which was
opened in November 2016, Rustenburg (South Africa) which
was opened in September 2022, Casablanca (Morocco),
which was opened in 2023 and lastly Agadir (Morocco),
which will be opened in 2024. Often BRT is advocated as a
cheaper way to build rapid mass transit for African larger
cities compared to rail. Implementing these systems is also
sometimes conceptualized as a way to initiate wider reform
of local bus systems often consisting of privately operated
and flexibly run minibuses, sometimes called paratransit or
informal transport. These systems are often called
“paratransit” because of their flexible schedules, stops and
routes, low levels of regulation over competition and formal
business practices [11, 12].

The aim of BRT transport economics is to make this
coordination effective, ensuring optimal resource allocation
to disclose all societal benefits of mass mobility as in [13].
BRT, now seems to be not comfortable to passenger in
Tanzania in term of waiting time of the bus. BRT
management believe that increasing frequency of a planned
transport service, is expensive in terms of operational costs.
Nevertheless, since people’s time is valuable, reducing the
frequency of such a service may also be costly in terms of
waiting times for passengers. Outcome of the social welfare-
optimal BRT frequency is an important task that seems to
have received too little attention in practice. This study
addresses this question and exploring what approaches are
more suitable for the case of BRT service. This study seeks

the simplest model that can adequately describe the given
optimization problem. Mathematical model of the square-
root rule is proposed, and its accuracy is examined and
compared with that of previous version of [14].

2. Model Formulation and Analysis

Optimal Model on a Single Line

In formulating the model, the following assumptions are
considered

i) Access time costs is not included as the distance
between stops is not an optimization variable in this model.

ii) Bus stop location is fixed.

The total cost of BRT service is comprised of operation
and passenger cost as follows:

Cipr =CB+At, +Wit, +Bt, (1)

Where: ¢ is the cost per BRT unit [Tshs/veh-h], £ is the
number of buses [veh], t,, tw and t, are total access,
waiting and in-bus times of users and A,, W, and By are the
values of access, waiting and in-bus time savings
respectively. Bus cost ¢ is modelled as a linear function of
bus capacity K [14, 15] and given as

C = BCO + BclK (2)

Fleet size [ is the total cycle time t., times the BRT
service frequency f [vex/h]. Cycle time is composed of
running time that is hurrying and slowing down at stops and
at the junction plus passenger getting on and descending
from bus, h,. If P is a total demand [trips/sec.] and Gee is the
average time for getting on and ending time per passenger,
then cycle time is:

= +Gl 3)
f

where P/f is the average number of passengers per bus.
Therefore, the operation cost is:

C,p = (Be, + BCIK)(hS +G,, ?]f 0

If a, is the proportion between the average waiting period
and the service improvement and a, is the proportion of
average trip length to the total route length, then passenger
cost is:

CP =(VI/tal§+Btsa2J(hs +Goe ;JP (5)

In this case, some particular cases of BRT operation and
passenger behaviour can be analysed for their impact on the
value of a,. On the other hand, if the frequency of the bus is
increased and a time table of bus plan is published, then
passengers adjust their behaviour and arrive at bus stops a
few minutes before the planed bus arrival. Finally, if 6
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Proportion between the climax passenger load of the route
and the total passenger demand along the route, we can
impose that bus capacity is directly obtained from service
frequency as follows:

P
K =¢6~— 6
¢f (6)

CT = Cop + CP

CT :(BC +BC K)[hs +Gue£]<f+[VVta1£+Btsa2][hs +Goe£]P
v A A A

The parameter ¢ is introduced in equation (6) in order to
have reserve capacity that can carry passengers in the middle
stations [15]. Therefore, the total cost (Cr) can be written as
follows:

()

P P P P
O CT :[BCO +BC1¢67][113 +Gue 7]f+[VVtal7+Btsa2][hs +Gue 7]])

By differentiating (7) with respect to frequency f, the square root formula for frequency is obtained:

_ P c P P G P
Cr= BCO +BC1¢9? hs+ oe? S+ Wta1?+Btsa2 hs+ oe? P
d P P P P
—| Cr =| B¢, +Bc ¢0— hS+Goejf+(Wa —+Ba j(hs+GuejP]:0
df[T [CO G fj[ s e 7

Thenf* =

Pz(hsal”/! +(5¢BC1 +B/Sa2)Goe)

T +

1 3 )3
33 [9P3hszalBCOZWIGW +\/§\/P6h533<,'03[271":”123(,'0”’/:26052 _(hsa]”/! +(¢'93<:1 +Bja, )Gue) ]

| ®)

BRE
[gpshszalBCOZW/Gue +\/§JP6h533<,'03[271":”123(,'0”’/:2Goez _(hsalm+(¢63(f1 +B!Sa2)Goe) j]

z
3
3% B,

P (i, +(00B +B,0)G,.) g

1 + 2

Thusf* =

334 33 B,

1

N3
where 3= (9P3hA,2alBC02VVtGoe +3 \/P"hs3BC03{27hsalzBC0W,2Goez —(hsath +(¢08,, +B,Sa2)Goe) D

BRT service frequency increases with passenger demand,
this means that there is decrease of operating cost, and
technical parameters and resources values have important
implications in the optimal results. For example, if value of
initial bus cost By, value of waiting time W, value of
average getting on and ending time per passenger G, ,
proportion between average waiting period and the service a,
value of hurrying and slowing down at stops and at the
junction plus passenger getting on and descending from the

bus h, decreased, then BRT frequency increases.

3. Sensitivity Analysis

Here, we illustrate the analytical results of the study by
carrying out sensitivity analysis of the model system (4, 5, 7
and 8). Parameter values are estimated to vary within realistic
means as shown in table 1.

Table 1. Parameter description and estimated values.

Parameters Parameter description Parameter estimation
a; Proportion between average waiting period and the service 0.17per hour

a Proportion of average trip length to the total route length 0.22 km

Beo & Bei Bus cost 0.16$ &0.2 $

W & By Value of waiting and in-bus time serving 0.11 &0.13per hour
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Parameters Parameter description Parameter estimation
Goe Average getting on and ending time per passenger 0.19 per hour
h, t})IlllSrrymg and slowing down at stops and at the junction plus passenger getting on and descending from the DAz
p Passenger demand 0.23 trip/sec.
[} reserve capacity that can carry passengers in the middle stations 0.12per vehicle
g Proportion between the climax passenger load of the route and the total passenger demand along the route 0.15 trip/h
f BRT frequency 0.25veh/h
Sensitivity Analysis of the Model Parameters defined as
In this section, different factors for BRT frequency are
determined as they help to reduce operation cost and x/ = ai xE )
passenger cost. £ og f

In order to determine how best, the BRT frequency
increased, sensitivity indices of the BRT frequency are
calculated to each parameter. These indices tell us the
parameters which have high impact on f* and should be
targeted for changing behaviour of BRT operation.

Definition 1: The normalised forward sensitivity index of a
variable f that depends differentiable on a parameter g is

*

as in [16-19]. Having an explicit formula for f “in equation
(8), we derive an analytical expression for the sensitivity of

1 as Xg* =6L><i

— where;
og f

P2 (hsalw/t +(€¢BC1 +Btsa2)Goe)

+

f =

1

1

1 3N )3
33 {91’3}!@2313%2% G,,+\3 \/ PR 8603(27}‘““12 Be, WG, -(hxale +(¢6?BCl +B,a, )G) J]

3 )3
{9P3h52alBC02VVtGoe +\/§\/P6hs3BC03(27h5‘alzBC0 VVtzGoe2 _(hsaln/t +(¢€BC1 +Btsa2)Goe) j}

Then analytical expression for the sensitivity of f" with
respect to each parameter can be calculated using a set of
reasonable parameter values. The sensitivity indices of /'

with respect to p and B, are given by X 1{ ) =6Lx£* then

op f
or . * B
Y« P —0759805 and x/ =L 2% =00124132
op f G 0B, f
respectively. Other indices
VS S A M A A A f
Xy, X Xp Xg X Xy, X, X and X are

obtained following the same procedure and highlighted in
table 2 as follows:

Table 2. Sensitivity Indices of Model Parameters to f* .

33 By,

S/N Parameter Symbol Sensitivity Index
10 g 0.016551
11 Bg 0.0124132

S/N Parameter Symbol Sensitivity Index
1 p 0.759805

2 Beo -0.44003

3 W, 0.438172

4 Goee 0.295534

5 a 0.283523

6 h -0.267388

7 By 0.151717

8 ap 0.0896512

9 4 0.0206887

Interpretation of Sensitivity Indices
By analysing sensitivity indices of the model parameters to

f " , it is observed that the most sensitive parameter is p,
this indicate that the passenger demand ( p) has high impact
of increasing the frequency of BRT. Passenger demand ( p)

depends on other parameters like value of initial bus cost By,
waiting time W,, average getting on and ending time per
passenger G,,, proportion between average waiting period

oe
and the service a,, hurrying and slowing down at stops and at
the junction plus passenger getting on and descending from
the bus h;, Value of in-bus time serving By, proportion of
average trip length to the total route length a,, reserve
capacity that can carry passengers in the middle stations @,
Proportion between the climax passenger load of the route
and the total passenger demand along the route &, and bus
cost B¢ have the least effect on the increase of frequency of
BRT and passenger demand as well.

Numerical Simulations

Here analytical results are illustrated by carrying out
numerical simulations of the model equations 4, 5, 7 and 8.
Parameter values are estimated to vary within realistic means
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as shown in (10).

B =0.16, B¢, = 0.2, ¢ =0.6, 6=0.15, /=025, h=0.21,
Goe=0.19, 2,=0.17 a, =0.22, B, =0.13, W =0.11, P=0.23. (10)

The variation of BRT frequency in different values Bco, Wi,
G, a1 and hg are shown in Figures 2-6. It is observed that as
By increases, the BRT frequency decrease, this is due to the
decrease of passengers’ demand because of high cost.

BRT FREQUENCY

time (per week)
——B,=0.1$ ——B_=0.28 B,=0.33

B,=0.4$

Figure 2. BRT frequency against time with increasing Bcy.

Figure 3, illustrates that the increase of W, led to decrease
of BRT frequency but when W, is reduced the passenger
demand became high leading to the increase of BRT
frequency and consequently reduced the operational cost and
passenger cost in terms of waiting time.

10000
9000
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7000
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5000
4000

3000

BRT FREQUENCY

2000
1000

0

time (per week)

W,=0.1 W,=0.2 W03 W,=0.4

Figure 3. BRT frequency against time with increasing w,.

Figure 4 presents the influence of increasing the average
getting on and ending time per passenger G,, , it was

observed that as G,, increases BRT frequency decreases.

Then, as proportion between average waiting period and the
service aj, increases, the BRT frequency decreases as shown
in figure 5. In this case, some particular cases of BRT
operation and passenger behaviour can be analysed for their
impact on the value of a; by publish the planned bus time

table which led passengers to alter their behaviour and arrive
at bus stops a few minutes before the planned bus arrival.

The effect of hurrying and slowing down and at the
junction plus passenger getting on and descending from the
bus, hg, is presented in figure 6. It was observed that when h
is increased, then the BRT frequency is decreased due to
wastage of time on the way to destination.
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Q
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Figure 4. BRT frequency against time with increasing G.
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Figure 6. BRT frequency against time with increasing h.
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The effect of different values of B, and a, are shown in
Figures 7-8. It is observed that as By increases, the BRT
frequency increases as a result, attract passengers and
consequently leads to the increase of BRT frequency. In
figure 8 it has been observed that when value of proportion
of average trip length to the total route length a, is increased
then the BRT frequency is also increased.
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Figure 7. BRT frequency against time with increasing By.
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Figure 8. BRT frequency against time with increasing a..

4. Discussion and Conclusion
4.1. Discussion

Mathematical model has been analysed to study the effect of
BRT service frequency in Transport services. The analysis of
the model shows that the increase of BRT services frequency
tends to increase a total demand of passengers which leads to
decrease operating cost and passengers’ cost in term of waiting
time. Sensitivity analysis was conducted to obtain parameters
with high impact on increasing BRT frequency and should be
targeted for changing BRT operational behaviour. It has been
observed that the increase of passenger demand ( p), leads to

increase the frequency of BRT. But absence of Passenger
demand ( p) reduces the BRT frequency which leads to the

increase of operational cost such as paying salary for BRT
staff, BRT services and other cost like office expenses.
Furthermore, numerical simulations were used to demonstrate
the impact of parameters on the BRT frequency. The results
show that the decrease of value of initial bus cost By, waiting
time W, average getting on and ending time per passenger G,
proportion between average waiting period and the service ay,
hurrying and slowing down at stops and at the junction plus
passenger getting on and descending from the bus hg lead to
the increase of BRT frequency. Additionally, the increase of
the value of in-bus time serving By, and proportion of average
trip length to the total route length a, tends to increase BRT
frequency.

Therefore, this indicates that there is much work to be
done, BRT management requires organisational efforts,
deliberate planning, fund from the public, and coordination
between passengers and staff members so as to increase the
eagerness of people to use BRT.

4.2. Conclusion

Model on a Single Line was presented based on four
equations; operation cost, passenger cost, total cost
(combination of passenger cost and operation cost) and BRT
service frequency. The simulation shows that reducing
waiting time of passengers has a positive impact on the
increase of BRT frequency.
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